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We determine the 1/N2f and 1/N
3
f contributions to the QED beta function stemming from the
closed set of nested diagrams. At order 1/N2f we discover a new logarithmic branch-cut closer to
the origin when compared to the 1/Nf results. The same singularity location appears at 1/N
3
f , and
these correspond to a UV renormalon singularity in the finite part of the photon two-point function.
I. INTRODUCTION
The discovery of asymptotically safe quantum field
theories in four dimensions [1, 2] triggered renewed in-
terest in studying the ultraviolet fate of quantum field
theories once asymptotic freedom is lost. The original
proof of asymptotic safety made use of the Veneziano-
Witten large number of flavors and colors limit for a class
of gauge-Yukawa theories that displayed perturbatively
trustable ultraviolet fixed points. Without scalars, it is
impossible to analytically disentangle the ultraviolet fate
of asymptotically non-free gauge-fermion theories. Nev-
ertheless one can make progress by analyzing the large
Nf dynamics of these theories at finite number of col-
ors [3–9] including again certain type of Yukawa inter-
actions [10–13]. These studies make use of the large Nf
resummation techniques to derive the all orders in the ’t
Hooft coupling beta functions of these theories at order
1/Nf . This large Nf beta function has several interesting
properties including the emergence of singularities under-
mining the consistency of the expansion, whose physical
interpretation remains still to be clarified [14]. In the
meantime first principle lattice simulations have begun
to explore the large Nf dynamics in a systematic man-
ner [15]. It is therefore highly desirable to gain insight
into the sub-leading 1/N2f corrections. This task, how-
ever, turns out to be challenging. The present work con-
stitutes a step forward in this direction by determining
these sub-leading corrections for a closed class of dia-
grams in QED.
To achieve our goal we will make use of the technolo-
gies developed in our recent work [16] according to which
it is shown that it is possible to reconstruct the 1/Nf
beta function and its properties using a finite number
of coefficients of the perturbative series. We determined
the stability of the series and showed that about thirty
terms were needed to properly reconstruct the 1/Nf beta
∗ Email: dondi@cp3.sdu.dk; ORCID: 0000-0002-6971-2028
† Email: gerald.dunne@uconn.edu; ORCID: 0000-0003-1338-339X
‡ Email: reichert@cp3.sdu.dk; ORCID: 0000-0003-0736-5726
§ Email: sannino@cp3.sdu.dk; ORCID: 0000-0003-2361-5326
function up to the leading singularity. The technology
includes Pade´ methods, combined with the study of the
large order growth of the perturbative series.
In this paper, we employ this technology to deduce
the first complete set of 1/N2f and 1/N
3
f corrections for
the QED nested diagrams. We discover the emergence
of a novel singularity at order 1/N2f within this subset of
diagrams. The latter appears closer to the origin when
compared to the original 1/Nf singularity of the full beta
function. We refrain from speculating about the physi-
cal content of this singularity given that the remaining
diagrams are still to be computed. The nature of the sin-
gularity is captured by a novel logarithmic branch-cut at
a value of the ’t Hooft coupling where the beta function
remains finite. We also find an intriguing correspondence
between the UV renormalons in the finite part of the pho-
ton two-point function, appearing at multiples of 3 in the
Borel plane, and the leading singularities of the divergent
part of the photon two-point function, at order 1/N2f and
1/N3f .
The paper is organized as follows. In Sec. II we fix the
notation and introduce the basic building blocks for our
computation. This is followed by Sec. III, in which we
present details of the computation and uncover the beta
function contribution and its leading singularity of the
nested diagrams. In Sec. IV we study the appearance of
renormalons in the finite part of the photon two-point
function. We offer our conclusions in Sec. V. The details
of the various computations can be found in the appen-
dices.
II. LARGE Nf QED SETUP
In QED with a large number of flavors Nf , it is natural
to introduce the ’t Hooft coupling
K =
g2Nf
4pi2
, (1)
which we keep fixed when sending Nf to infinity. This
allows organizing the beta function as a series in 1/Nf
β(K) ≡ µdK
dµ
=
∞∑
k=0
β(k)(K)
Nkf
, (2)
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2where we have introduced the renormalization group
(RG) scale µ. The beta function describes the change
of the coupling strength with respect to this RG scale.
In (2), each β(k)(K) constitutes itself a perturbative ex-
pansion in the ’t Hooft coupling K. With this counting,
a fermion bubble is of order one and each photon line in
a diagram is dressed with n fermion bubbles as depicted
in the following diagram
· · · ≡ n . (3)
We indicate an n-loop bubble chain with a gray blob with
an index n referring to the number of fermion bubbles in
the photon chain. At the zeroth order in the expansion,
only the single-fermion bubble contributes to the beta
function, which reads
β(0)(K) =
2
3
K2 . (4)
The first order is given by the diagrams
n + 2
n
≡ n .
(5)
We indicate the sum of these diagrams by a gray square
labeled by the same n. The diagrams in (5) were com-
puted for the first time in [3]. The analogous contribution
for QCD was computed in [4, 6], see [9] for a review. Since
the diagrams contain only a single bubble chain, the re-
sulting beta function can be resummed and expressed by
a closed integral representation
β(1)(K) =
K2
2
∫ K
0
dxF (x) . (6)
The integrand function is given by
F (x) = − (x+ 3)(x−
9
2 )(x− 32 ) sin
(
pix
3
)
Γ
(
5
2 − x3
)
27 · 2 2x3 −5pi 32 (x− 3)xΓ(3− x3 ) . (7)
This beta function has logarithmic branch cuts at Kn =
15
2 + 3n for n ≥ 0. The leading behavior with which it
approaches the radius of convergence is
β(1)(K) ∼14K
2
45pi2
ln
(
15
2
−K
)
+ . . . , K → 15
2
. (8)
Thus, the behavior near the first branch cut is negative,
which allows the 1/Nf contribution, (6), to cancel the
leading contribution, (4). This leads to a zero in the beta
function at this order in 1/Nf , which has triggered specu-
lations about the existence of a UV fixed point. Similarly
in QCD, a negative logarithmic branch cut at K = 3 al-
lows for a zero in the beta function. The potential fixed
point in QED has a diverging fermion anomalous mass
dimension [17] and is thus considered unphysical. At
the analogous fixed point in QCD, the fermion anoma-
lous mass dimension is instead vanishing [17], but the
fixed point suffers from glueball operators with diverg-
ing anomalous dimensions [18]. In Ref. [18], the authors
argued that this fact can be interpreted as an operator
decoupling and thus the interacting fixed point might
still be physical. The potential existence of the fixed
point has triggered already many phenomenological stud-
ies [10, 19, 20]. The viability of the fixed points has been
studied on the lattice [15] and with critical point methods
[14, 21].
Here we go beyond the state of the art by computing
part of the full beta function at orders 1/N2f and 1/N
3
f .
We are interested in whether new singularities can appear
at this order that could shrink the overall radius of con-
vergence. The complete knowledge of the full beta func-
tion at these orders would be ideal to test the physical
nature of the potential fixed points. Given the complex-
ity of the task, we focus here on QED and determine the
contributions coming from diagrams of the nested type
(to be defined in the next section) to the 1/N2f and 1/N
3
f
order. We will see that these contributions alone show
rather interesting features.
III. NESTED DIAGRAMS
In [16], we have laid the foundations to access cru-
cial information regarding the singular structure of the
beta function of the theory by knowing finitely many co-
efficients of the perturbative series in the coupling K.
We showed that to extract the precise radius of conver-
gence and uncover the first singularity in K, roughly the
first thirty coefficients of the perturbative expansions are
needed. Clearly, the task to extract so many coefficients
becomes progressively more demanding when going be-
yond the leading result. Therefore, although, the proce-
dure can, in principle, be applied to the full 1/N2f and
1/N3f beta function, already to O(1/N2f ) it requires to
determine four-loop diagrams and non-planar three-loop
diagrams, for which the master integrals with dressed
propagators are not known, see Fig. 9 in App. A for the
full set of diagrams.
Fortunately there is one closed set of diagrams, the
nested ones, which is gauge and RG-scale independent,
and which can be tackled. The associated Feynman dia-
grams are obtained iterating the 1/Nf topologies and are
given by
`
n
m
+ 2
`n m
≡ nm
`
.
(9)
We represent the sum of these contributions with a gray
hexagon and three indices labeling the number of fermion
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Figure 1. Left: The ratio test applied to the expansion coefficients of β
(2)
nested(K) reveals that the radius of convergence is
K = 3. A Richardson extrapolation is used to accelerate the convergence of the series. Right: The prefactor of the leading
large-order behavior is determined to be − 1
2n(n−1)3n , which leads to a much faster convergence than − 12n23n . See App. B.
bubbles on each photon propagator. The full amplitude
from these diagrams is given in (A10) of App. A in terms
of discrete convolutions of the 1/Nf amplitude. There is
an additional counterterm contribution that stems from
inserting a 1/Nf counterterm on the photon line of the
1/Nf diagrams in (5). The explicit form of the countert-
erm contribution is given in (A7). The sum of all these
contributions is gauge and RG scale independent, which
we verified by explicit computation. We computed these
contributions to the beta function separately up to K44.
The coefficients are listed in App. D.
At O(1/N3f ) the contributing diagrams are given by
m
p
q
n
`
+ 2
p qn `m
+
n
m
`
p
q
+ 2 n
m
`
p q
. (10)
The full amplitudes for these diagrams are now given in
(A11) and (A12) of App. A. We determined these con-
tributions to the beta function up to K32 and report the
coefficients in App. D, together with a comparison with
the total 5-loop result from [22, 23].
Determining the coefficients from the diagrams in (9)
and (10) required a significant computational effort. We
used the Mathematica package FeynCalc [24] to contract
the diagrams and standard multi-loop techniques to eval-
uate them, see, for example, [25–28]. The most compu-
tation power is needed to numerically extract the diver-
gent and finite part at each loop order. The Mathemat-
ica package NumExp [29], which numerically expands hy-
pergeometric functions, turned out to be very useful in
this context. Hypergeometric functions naturally appear
from the evaluation of loop integrals, see App. A.
In general, the β-function coefficients β(n) are depen-
dent on the used scheme. The lowest order β(0) is scheme-
independent since it is a one-loop result. The order β(1) is
scheme-independent as well if the functional relation be-
tween the couplings in the two schemes does not involve
Nf [8]. In turn, the higher coefficients β
(n>1) are scheme-
dependent functions of the coupling K. The singularity
structure of these functions, and thus the large-order be-
haviour of their series in K, is scheme-invariant as long as
the functional relation between the couplings in the two
schemes is sufficiently regular. We employ dimensional
regularisation in the minimal subtraction scheme.
We are now ready to analyze the large-order behavior
of the expansion coefficients of β
(2)
nested(K), in order to
extract physical information concerning possible physi-
cal singularities. We apply ratio tests, and Darboux’s
theorem [30–32], as well as Pade´ methods to access in-
formation about the leading singular structure of the as-
sociated beta function. To keep the presentation light we
report the details of the methods in App. B and App. C.
A. Leading singularity of β
(2)
nested
To extract the leading singularity we must first and
foremost demonstrate that the number of terms at our
disposal is sufficient to see convergence. This is per-
formed by running the ratio test bn+1/bn, with bn the
coefficients of the β
(2)
nested series. For sufficiently large n
the ratio approaches the inverse radius of convergence.
We report the results in the left panel in Fig.1 and give
the detailed analysis in App. B. To accelerate the con-
vergence we further employed Richardson extrapolation.
From the left plot in Fig.1, one learns that about thirty
coefficients are sufficient to approach the convergence of
the series.
One learns that the radius of convergence is K = 3.
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Figure 2. Nested QED beta function at O(1/N2f ). At K = 3
the beta function is finite, but it has a logarithmic branch
cut.
From the right plot in Fig.1, we further learn that in total
the coefficients have leading decay bn ∼ −1/(2 · 3nn2).
This allows us to subtract from each bn its leading large
n contribution, allowing us to determine its sub-leading
large n behavior which is discovered to go as −1/(2 ·
3nn3). This trend repeats after each subtraction and
therefore we can determine the large-order behavior of
the nested QED beta function coefficients at O(1/N2f ) to
be
bn ∼ −1
2
1
3n
(
1
n2
+
1
n3
+ . . .
)
= −1
2
1
3n
1
n(n− 1) . (11)
It is interesting that with just 30 expansion coefficients
we can clearly distinguish the correct sub-leading large n
behavior, as shown in the right plot in Fig.1. Note that
the behavior in (11) is the natural sub-leading behav-
ior for a logarithmic singularity: see App. B. This exact
large n order behavior determines the nature of the first
singularity once we resum the series
−1
2
∞∑
n=4
1
n(n− 1)
Kn
3n
=
1
6
(K − 3) ln
(
1− K
3
)
+ regular .
(12)
This implies that in the vicinity of the leading singularity
at K = 3,
β
(2)
nested(K) ∼ −
1
2
(
1− K
3
)
ln
(
1− K
3
)
+ . . . , K → 3 .
(13)
where the sub-leading terms are analytic at K = 3.
This is a remarkable result for a number of reasons: i)
The nested QED beta function at O(1/N2f ) has a log-
arithmic branch cut at K = 3 while remaining finite
there. ii) Once the large order behavior is subtracted
the remaining contribution at K = 3 is regular. iii) The
singularity occurs at a value of K which is smaller than
the leading singularity of QED occurring for K = 15/2
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Figure 3. (Conformal) Pade´ approximants of the nested
QED beta function at O(1/N2f ) with the branch cut sub-
tracted, see (14). The Pade´ approximants seem to hint to-
wards a pole or a branch-cut at K = 15
2
.
at the first order in 1/Nf . iv) The singularity occurs at
the same value as the leading one for QCD.
It is worth mentioning that because of the simple struc-
ture of the function multiplying the logarithmic singu-
larity in (12), it is possible to confirm this behavior by
analyzing the series obtained by a second derivative with
respect to K of the nested beta function. This is so be-
cause the logarithmic singularity turns into a simple pole
that it is more easily accessed by the test. In fact, in this
case, the onset of the converge occurs already for ∼ K28
as detailed in Fig.10 of App. B.
We can now use Pade´ approximants to deduce the full
form of the nested beta function up to the singularity,
which is depicted in Fig. 2. More information about the
Pade´ analysis is provided in App. C.
B. Sub-leading singularity of β
(2)
nested
We now turn to the sub-leading singular behavior of
β
(2)
nested. To that end we subtract the leading logarithmic
branch cut behavior from the nested beta function
β˜
(2)
nested = β
(2)
nested +
1
2
∞∑
n=4
1
n(n− 1)
Kn
3n
. (14)
With the coefficients at hand no further singular behavior
is revealed by the ratio test. From the naive expectation
that the next singularity arises at K = 152 , which is the
point where the leading order full beta function is sin-
gular, we estimate that roughly 55 coefficients would be
needed, which goes beyond the scope and resources of
this investigation.
Since the ratio test is not sufficiently precise to display
any sub-leading singular behavior, we use Pade´ meth-
ods instead. The three highest Pade´ approximants are
displayed in Fig. 3. They converge well up to K ≈ 7
and thus we know that there is no singular behavior for
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Figure 4. (Conformal) Pade´ approximants of the nested
QED beta function at O(1/N3f ). The Pade´ approximants
seem to hint towards a pole or a branch-cut at K = 3.
K < 7. For K > 7, some approximants show singulari-
ties and we suspect to find the next singular behavior at
K = 152 , since this was the location of the logarithmic
branch cut at 1/Nf .
Having a hint for the location of the next singularity,
we now employ the conformal Pade´ method which is ex-
pected to be more accurate in this case. The conformal
Pade´ takes as input the location of the singularity and
maps the series to the unit disc. After the conformal
transformation, one re-expands the function and applies
the standard Pade´ method and, in the end, one inverts
back the conformal transformation. The Pade´-Conformal
method is described in detail in App. C. In [33], the im-
provement by a suitable conformal transformation was
studied on the example of the Painleve´ I equation. We
tested the conformal Pade´ method for the leading singu-
larity at 1/N2f and it indeed gives improved results, for
details see App. C, and Fig.3 and Fig.11.
For the sub-leading singularity, the conformal Pade´ re-
sults are displayed in Fig. 3. We therefore feel confi-
dent to have captured both the leading branch-cut sin-
gularity at K = 3, and the sub-leading one occurring at
K = 15/2. However, for the latter the available data
(i.e. the available expansion coefficients) is not sufficient
to determine the precise nature of this sub-leading sin-
gularity.
C. Leading singular behavior of β
(3)
nested
Here we use directly the Pade´ method to infer the lo-
cation of the first singularity given the fewer computable
coefficients than needed for the ratio test. The highest-
order Pade´ approximants are displayed in Fig.4 showing
convergence up to K ≈ 2.7 and hence we can exclude
any singular behavior in this range. It is reasonable to
expect the first singularity to occur for K = 3, since all
Pade´ approximants have a pole shortly after K = 3. We
therefore apply the conformal Pade´ method (see App. C)
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Figure 5. Real and imaginary parts of the Borel transform
of the finite part of the renormalized photon two-point func-
tion at order 1/Nf . This Borel transform is obtained from
the analytic formula (A20) in App. A 2. We see UV renor-
malon singularities at t = 3k with k = 1, 2, . . . ,∞, and IR
renormalon singularities at t = −3k with k = 2, 3, . . . ,∞.
to get a more accurate representation of the associated
beta function up to the singularity, and plot it in Fig.4.
IV. FINITE PARTS AND RENORMALONS
So far, we have discussed the divergent part of the pho-
ton two-point correlation function because it is directly
related to the beta function of the theory. The finite part,
however, also has an interesting story to tell, the renor-
malon story [34]. Indeed, the class of diagrams contribut-
ing to the 1/Nf correlator are the ones that were orig-
inally considered as a renormalon source. Renormalons
emerge as singularities of the Borel transform of the finite
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Figure 6. The 1/N2f coefficients of the 1/ part of the nested
diagrams and corresponding counter term are each factorially
divergent. As these are not separately RG-independent we
choose µ2 = −p2/4pi, p2 being the external momentum. Their
sum produces a RG-independent convergent series according
to the large order behavior given in (11).
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Figure 7. Real and imaginary parts of the Borel transform
of the finite part of the renormalized photon two-point func-
tion at order 1/N2f . This Borel transform has been recon-
structed from the finite number of expansion coefficients us-
ing the Pade´-Conformal method described in App. C. We see
a UV renormalon singularity at t = +3, an IR renormalon
singularity at t = −6, and a hint of a further IR renormalon
singularity at t = −9.
part of the correlation function and produce a factorially
growing series not associated with diagram proliferation.
Resummation methods for the finite parts in QED at or-
der 1/Nf have been explored in [35] and shown not to
be Borel summable (in the massless fermion case), due
to poles located at 3k, with k = 1, . . . ,∞, along the
positive real Borel axis. This corresponds to a leading
factorial growth n!/3n of the coefficients of the original
finite part. The finite parts at higher orders of the 1/Nf
expansion are analyzed in App. A 2. The 1/Nf result for
the Borel transform of the finite part of the photon two-
point function is derived in (A20), and is plotted in Fig.5,
just above the real Borel t axis. This plot clearly indi-
cates the appearance of singularities at t = 3, 6, 9, ... on
the positive Borel axis, and singularities on the negative
Borel axis at t = −6,−9, .... In the minimal subtraction
scheme, renormalons affect the finite parts only, and this
is confirmed at the 1/Nf order.
Remarkably, even with our limited number of expan-
sion coefficients, we observe the same factorial growth
and singularity structure at sub-leading orders 1/N2f and
1/N3f of the divergent part of the nested diagrams. See
Fig.6 for the rate of growth of the expansion coefficients
in the 1/N2f case. The coefficients for the nested diagrams
and the corresponding counterterm both grow factorially
fast, but with the same rate and opposite signs, in such a
way that the factorial growth cancels, leaving coefficients
of a rapidly convergent expansion, as shown in (11).
Furthermore, in Fig. 7 and Fig. 8 we plot the real
parts of the Borel transform of the finite parts at orders
1/N2f and 1/N
3
f , respectively, as shown in (A22). These
plots should be compared with the 1/Nf result in Fig.5.
At orders 1/N2f and 1/N
3
f we do not have the luxury
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Figure 8. Real and imaginary parts of the Borel transform
of the finite part of the renormalized photon two-point func-
tion at order 1/N3f . This Borel transform has been recon-
structed from the finite number of expansion coefficients us-
ing the Pade´-Conformal method described in App. C. We see
a UV renormalon singularity at t = +3, an IR renormalon
singularity at t = −6, and a hint of a further IR renormalon
singularity at t = −9.
of closed-form expressions, but with the limited number
of expansion coefficients (see App. D) our Borel trans-
forms, after conformal mapping and Pade´ approximation
(see App. C), clearly reveal singularities at t = +3 and
t = −6, with strong indications of a further singularity
at t = −9. With more coefficients, one would be able to
resolve even more Borel singularities. Note that without
the conformal map, the Pade´ approximation to the Borel
transform cannot see any physical singularities beyond
the leading ones, because Pade´ tries to represent the lead-
ing branch cut with an array of poles and zeros, which
have no physical content beyond a crude representation
of the cut, and these unphysical poles therefore obscure
further physical singularities. On the other hand, the
Pade´ approximation to the conformally-mapped expan-
sion, as described in App. C, does not place unphysical
singularities on the cut [33, 36], so higher physical singu-
larities can be seen. These results suggest a relation be-
tween the leading order renormalon factorial growth and
the singularities in the divergent part of the nested dia-
grams. This QED Borel structure suggests singularities
on the positive real axis associated with UV renormalons,
and singularities on the negative real axis associated with
IR renormalons [34].
V. CONCLUSIONS AND OUTLOOK
In this paper we have determined the contribution to
the QED beta function stemming from the gauge and
RG-scale independent class of nested diagrams to order
1/N2f and 1/N
3
f , resolving their leading singularity struc-
ture. We have shown that:
71) The nested beta function at O(1/N2f ) has a new
logarithmic branch cut at K = 3, coinciding with
the QCD branch cut at O(1/Nf ). The nested beta
function is finite at the branch cut.
2) The next singularity of the nested beta function ap-
pears at K = 152 . However, we do not have enough
perturbative data to fully characterize its nature.
3) The first singularity of the nested beta function at
O(1/N3f ) appears at K = 3, but its nature remains
to be determined.
4) We observed that the factorial growth of the di-
vergent part of the nested diagrams at O(1/N2f )
matches the one for the finite part of the leading
1/Nf contribution which is related to the renor-
malons of the theory. An analogous structure is
also seen at O(1/N3f ).
An important message from this analysis is that it is
indeed feasible, as proposed in [16], to use a finite number
of perturbative expansion terms to probe certain non-
perturbative properties at higher orders of the large Nf
expansion; we do not require the closed-form expressions
which are available at leading order. This suggests a
new strategy for studying physical properties of large Nf
expansions.
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Appendix A: Renormalization procedure and computation of nested diagrams
In this appendix, we detail the applied renormalization procedure. We apply dimensional regularization in d = 4−
dimensions. The 1PI photon two-point function is parameterized by
Γ(2)µν (p) = p
2
(
ηµν − pµpν
p2
)
Π(K0, p
2) . (A1)
We expand the renormalization of the coupling ZK = K/K0, where K0 is the bare ’t Hooft coupling, as well as Π in
orders of Nf
ZK = Z0 +
1
Nf
Z1 +
1
N2f
Z2 +
1
N3f
Z3 +O(1/N4f ) , (A2)
Π(K0) = Π0(Z
−1
K K) +
1
Nf
Π1(Z
−1
K K) +
1
N2f
Π2(Z
−1
K K) +
1
N3f
Π3(Z
−1
K K) +O(1/N4f ) . (A3)
Here and in the following we suppress the momentum dependence of Π to improve the readability. Each Zn can be
written as a series in 1/
Zn =
∑
i
Z
(i)
n
i
. (A4)
The simple pole in  given by Z
(1)
n determines the beta function at each order in 1/Nf . The latter is given by
β(n) =
[
1−K ∂
∂K
]
Z(1)n K = −K2
∂
∂K
Z(1)n . (A5)
We use a minimal subtraction scheme and thus the renormalization condition is
div{ZK [1−Π(K0)]} = 0 . (A6)
Here, the operator div extracts the parts that are divergent in the limit → 0. We expand this equation in orders of
1/Nf . From this, also using the fact that Π0 is linear in the bare coupling, we obtain
Z0 = 1 + div{Π0(K)} , Z1 = div
{
Z0Π1(Z
−1
0 K)
}
,
Z2 = div
{
Z0Π2(Z
−1
0 K)
}
+ div
{
Z1
[
1−K0 ∂
∂K0
]
Π1(K0)
}
K0=Z
−1
0 K
,
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Figure 9. Topologies contributing to the beta function at 1/N2f .
Z3 = div
{
Z0Π3(Z
−1
0 K)
}
+ div
{
Z1
[
1−K0 ∂
∂K0
]
Π2(K0)
}
K0=Z
−1
0 K
+ div
{(
Z2 −KZ2
Z0
∂
∂K0
+
K2
2
Z21
Z30
∂2
∂K20
)
Π1(K0)
}
K0=Z
−1
0 K
. (A7)
Here, Π0 is precisely the single-fermion bubble and thus Z0 = 1− 2K3 . Π1 is given by the diagrams displayed in (5).
In Z2, the first term contains the factor Π2, which is precisely the diagrams displayed in Fig.9. The second term can
be viewed as the 1/Nf diagrams (5) with a 1/Nf counter term insertion. In Z3, the first term is again given by 1/N
3
f
diagrams, while the second and third term can be viewed as lower-order diagrams with counter term insertions.
1. Nested diagrams
We now display the structure of the nested diagrams. For this it is useful to write the 1/Nf contribution to the
photon two-point function, i.e., the diagram given in (5), in an expansion in loop orders
Π1 = K
2
0
∑
n=0
(−K0)nΠ(n)1 ()G0()n
(
−4piµ
2
p2
)(n+2)/2
. (A8)
Here, Π
(n)
1 corresponds to the contribution with n inserted fermion bubbles, µ is the RG scale, and G0 is the one-bubble
amplitude given by
G0() = 2
Γ2
(
2− 2
)
Γ
(

2
)
Γ(4− ) . (A9)
This notation allows us to write down the nested amplitudes in a convenient way. For the 1/N2f nested diagrams,
displayed in (9), we assign n and m fermion bubbles to the outer photon propagators and ` fermion bubbles to the
inner photon propagator. Then the amplitude is given by
Π2,nested = K
4
0
∞∑
`,m,n=0
(−K0)`+m+nΠ(`)1 Π(`+m+n+2)1 G0()`+m+n
(
−4piµ
2
p2
)(`+m+n+4)/2
= p2K40
∞∑
`,k=0
(k + 1)(−K0)`+kΠ(`)1 Π(`+k+2)1 G0()`+k
(
−4piµ
2
p2
)(k+`+4)/2
, (A10)
where we used
∑
m,n=0 f(m+ n) =
∑
k=0(k + 1)f(k). In straight analogy, we write down the nested amplitudes for
1/N3f . For the two diagrams in the first line of (10), the amplitude reads
Π3,nested,diag1 = K
6
0
∞∑
`,m,n,p,q=0
Π
(p)
1 Π
(q)
1 Π
(`+m+n+p+q+4)
1 G0()
`+m+n+p+q
(
−4piµ
2
p2
)(`+m+n+p+q+6)/2
9= K60
∞∑
k,p,q=0
1
2
(k + 1)(k + 2)Π
(p)
1 Π
(q)
1 Π
(k+p+q+4)
1 G0()
k+p+q
(
−4piµ
2
p2
)(k+p+q+6)/2
, (A11)
where we used
∑
`,m,n=0 f(`+m+n) =
∑
k=0
1
2 (k+ 1)(k+ 2)f(k). The two diagrams in the second line of (10) result
in the amplitude
Π3,nested,diag2 = K
6
0
∞∑
l,m,n,p,q=0
Π
(l)
1 Π
(l+m+n+2)
1 Π
(l+m+n+p+q+4)
1 G0()
l+m+n+p+q
(
−4piµ
2
p2
)(l+m+n+p+q+6)/2
= K60
∞∑
k,l,r=0
(k + 1)(r + 1)Π
(l)
1 Π
(k+l+2)
1 Π
(k+l+r+4)
1 G0()
k+l+r
(
−4piµ
2
p2
)(k+l+r+6)/2
. (A12)
We close this appendix with a short discussion of the diagrams at O(1/N2f ) that are not computed in this paper.
The full set of diagrams contributing to the beta function at O(1/N2f ) is displayed in Fig. 9. For all diagrams in
the first line in Fig. 9, the corresponding master integral is known: They all are topologically still two-loop or even
one-loop diagrams. All diagrams in the second line are topologically three-loop diagrams, except the last one, which
is a topological four-loop diagram. The most challenging diagrams are the last two diagrams in the second line in
Fig. 9: The first is a non-planar topological three-loop diagram with two bubble chains, while the second one is a
topological four-loop diagram with three bubble chains.
2. Finite parts
We now detail the computation of the finite part of the regularized two-point function Z0Π1 and its corresponding
Borel transform. We write the amplitude of the two-point function schematically as
Π1 =
3K0
4
∞∑
n=2
(
−2K0
3
)n−1
1
nn−1
H(n, ) , (A13)
where the function H is regular in n for constant  and in  for constant n. Note that this is a different representation
of Π1 than in (A8). In the following, we use the expansion of H in n as well as in , which we denote by
H(n, ) =
∞∑
i,j=0
(n)ijHi,j . (A14)
We plug this into (A13) and also expand K0 in . We obtain
Z0Π1 =
3K
4
∞∑
n=2
(
−2K0
3
)n−1
1
nn−1
H(n, ) =
3K
4
∞∑
n=2; j,k,`=0
(
−2K
3
)n+k−1(
n+ k − 2
k
)
(−1)knj−1
n−`+k−j−1
Hj,`
=
3K
4
∞∑
m=1; `,j=0
(
−2K
3
)m
`+j−mS(j,m)Hj,` , (A15)
where we introduced
S(j,m) =
m−1∑
k=0
(
m− 1
k
)
(−1)k(m− k + 1)j−1 . (A16)
This is computed as
S(0,m) =
(−1)m+1
m(m+ 1)
, S(m,m) = (m− 1)! , S(j,m) = 0 ∀ 1 ≤ j < m . (A17)
We denote the finite part, i.e., the limit → 0, of the amplitude (A15) as F (1). This can be computed as
F (1) ≡ (Z0Π1)|0 = 3K
4
∞∑
m=1
m∑
j=0
(
−2K
3
)m
S(j,m)Hj,m−j
10
=
3K
4
∞∑
m=1
(
−2K
3
)m [
(−1)m+1
m(m+ 1)
H0,m + (m− 1)!Hm,0
]
. (A18)
The first part is a convergent series, while the second one is asymptotic. For this reason, only the second part can
contribute to singularities in the corresponding Borel transform. We define the Borel transform here by
F (1)(K) =
∞∑
n=0
a(1)n K
n+2 −→ B[F (1)](t) =
∞∑
n=0
a
(1)
n
n!
tn . (A19)
We then obtain
B
[
F (1)
]
=
3
4
∞∑
m=0
(
−2
3
)m+1
tmHm+1,0 + regular
=
3
4t
[
H
(
−2t
3
, 0
)
−H(0, 0)
]
+ regular . (A20)
This is the same formula as in [35] adapted to our notation. The function H is given by
H
(
−2t
3
, 0
)
=
8e
1
9 (3γ−5)tM−
t
3
(t+ 3)(t+ 6)
(
27
(
1
(t− 3)2 −
1
t2
+
1
(t+ 3)2
− 1
(t+ 6)2
)
− 81 3F2
(
1, 2, 2− t3 ; 3− t3 , 3− t3 ; 1
)
(t− 6)2(t− 3)
+3pi2 cot
(
pit
3
)
csc
(
pit
3
))
, (A21)
with H(0, 0) = 1 and M = − 4piµ2p2 . Note that the singularities at t = 0 and t = 3 in the first and third term cancel.
Only the term with the hypergeometric function is contributing to the singularity at t = 3. We display the Borel
transform of the finite part in Fig.5.
The finite parts of the 1/N2f and 1/N
3
f contributions are defined as
F (2) =
{
Z0Π2(Z
−1
0 K) + Z1
[
1−K0 ∂
∂K0
]
Π1(K0)
}
0
,
F (3) =
{
Z0Π3(Z
−1
0 K) + Z1
[
1−K0 ∂
∂K0
]
Π2(K0) +
(
Z2 −KZ2
Z0
∂
∂K0
+
K2
2
Z21
Z30
∂2
∂K20
)
Π1(K0)
}
0
. (A22)
No closed-form resummation is possible for these contributions. We perform the series expansion in K numerically
and provide the coefficients in App. D. We computed the nested part of F (2) up to K32 and the nested part of F (3) up
to K28. The Borel transforms are obtained by dividing out the leading factorial growth. This leads to the following
definition of the respective Borel transforms
F (2)nested =
28∑
n=0
a(2)n K
n+4 −→ B[F (2)nested](t) =
28∑
n=0
a
(2)
n
Γ(n+ 4 + 1/4)
tn ,
F (3)nested =
22∑
n=0
a(3)n K
n+6 −→ B[F (3)nested](t) =
22∑
n=0
a
(3)
n
Γ(n+ 6 + 3/4)
tn . (A23)
These Borel transforms are analytically continued using the Conformal-Pade´ method described in App. C and plotted
in Fig.7 and Fig.8.
Appendix B: Extracting Physical Quantities from the Large-order Behavior of Perturbative Expansion
Coefficients
A fundamental result in complex analysis (Darboux’s theorem) states that for a convergent series generated as an
expansion at the origin (for example), the large-order behavior of the expansion coefficients is related to the behavior
of the function in the vicinity of its singularities. The singularity closest to the origin determines the radius of
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Figure 10. Large-order behavior after taking two derivatives of the nested beta function. Left: The ratio test reveals that the
radius of convergence is K = 3. Right: The prefactor of the leading large-order behavior is determined to be − 1
18·3n , indicating
a simple pole at K = 3.
convergence, and further finer details of the behavior of the function near this singularity are encoded in the sub-
leading large-order behavior of the expansion coefficients at the origin [30–32]. Concretely, if a function f(z) has the
following branch cut expansion near a singularity z0,
f(z) ∼ φ(z)
(
1− z
z0
)−p
+ ψ(z) , z → z0 , (B1)
where φ(z) and ψ(z) are analytic near z0, then the Taylor expansion coefficients of f(z) at the origin have large-order
growth
bn ∼ 1
zn0
(
n+ p− 1
n
)[
φ(z0)− (p− 1) z0 φ
′(z0)
(n+ p− 1) +
(p− 1)(p− 2) z20 φ′′(z0)
2!(n+ p− 1)(n+ p− 2) − . . .
]
, (B2)
If the singularity is logarithmic,
f(z) ∼ φ(z) ln
(
1− z
z0
)
+ ψ(z) , z → z0 , (B3)
where φ(z) and ψ(z) are analytic near z0, then the Taylor expansion coefficients of f(z) at the origin have large-order
growth
bn ∼ 1
zn0
1
n
[
φ(z0)− z0 φ
′(z0)
(n− 1) +
z20 φ
′′(z0)
(n− 1)(n− 2) − . . .
]
, (B4)
These results can be used in reverse to find the singularity location z0, the exponent p (or to detect logarithmic
behavior), and properties of the coefficient function φ(z), from the large-order growth of the expansion coefficients at
the origin.
We implemented this strategy on the perturbative expansion of β
(2)
nested(K), with expansion coefficients bn. A simple
ratio test suggests that bn+1/bn → 1/3, see Fig. 1. This can be refined using Richardson extrapolation to accelerate
the convergence of the ratio test. Richardson extrapolation is based on the ansatz [37]
an = a+
A
n
+
B
n2
+
C
n3
+ . . . , (B5)
where a is the anticipated convergent value. First-order Richardson extrapolation is obtained by setting all parameters
beyond 1/n to zero, i.e., B = C = . . . = 0. The evaluation at n and n+ 1 yields
R(1)an ≡ a = (n+ 1)an+1 − nan . (B6)
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Figure 11. Conformal Pade´ approximant of the nested QED beta function at O(1/N2f ) compared to the exact result and a
Pade´ approximant of the same order.
Similarly, second-order Richardson extrapolation is obtained by setting the parameters beyond 1/n2 to zero, i.e.,
C = . . . = 0, yielding
R(2)an ≡ a = 1
2
(
(n+ 2)2an+2 − 2(n+ 1)2an+1 + n2an
)
. (B7)
In Fig.1 we display the effects of the second-order Richardson extrapolation on the enhancement of the convergence
of the ratio test series, clearly indicating convergence to 1/3, indicating the existence of a singularity at K∗ = 3, and
hence a radius of convergence equal to 3.
Given z0, we can now fit the growth of the coefficients bn to the branch cut forms in (B2) and (B4). This can be
done by studying the sub-leading behavior of the ratio test. This reveals that the ratio behaves as
bn+1
bn
∼ 1
3
− 2
3n
+ . . . , n→∞ , (B8)
where the precise sub-leading coefficient, − 23 , can be extracted using Richardson acceleration once again. This
indicates logarithmic behavior, as in (B4). Now we can probe this further to deduce information about the analytic
function φ(z) multiplying the logarithmic branch cut. The result (B8) implies that φ(3) = 0 and φ′(3) = 1/6. Analysis
of further sub-leading corrections indicate that all higher derivatives of φ(z) vanish at z = 3. This leads to the result
for the logarithmic branch cut in (12). To confirm this result, we plot in Fig. 1 a precise test of the deduced large-
order behavior of the bn coefficients in (11). The agreement is excellent. Note that with 44 coefficients we can clearly
distinguish between bn ∼ − 12 13n 1n(n−1) , and the cruder estimate bn ∼ − 12 13n 1n2 . An interesting further consistency
test of the logarithmic form of the singularity is to differentiate (twice) the nested beta function β
(2)
nested(K), and then
apply the Darboux analysis. The resulting function has a simple pole, which is easy to detect with a ratio test, see
Fig.10 for the convergence of the ratio test in this case.
Appendix C: Pade´ versus Pade´-Conformal
Pade´ approximants provide well-known analytic continuations of truncated series expansions and are widely used in
physical applications [37]. It has further been observed empirically that combining Pade´ approximants with conformal
maps often yields further improved precision [33, 38, 39]. This improved precision is explained and quantified in [36].
The Pade´-Conformal analytic continuation procedure for a truncated series in the presence of a branch cut is: (i) first,
make a conformal transformation from the cut complex plane to the unit disk; (ii) second, re-expand to the same order
inside the conformal disk; (iii) third, make a Pade´ approximation to the resulting series inside the disk; (iv) finally,
map back to the original cut plane with the inverse conformal transformation. This procedure is algorithmically
straightforward and is provably exponentially more precise than just Pade´ if there is a cut [33, 36].
In the presence of a single cut (interestingly, it does not matter what the precise nature of the cut is, just where it
is), the explicit conformal map from the K plane cut along the positive real axis with a branch point at K∗, together
13
with its inverse are:
z =
1−
√
1− KK∗
1 +
√
1− KK∗
←→ K = 4K∗z
(1 + z)2
. (C1)
The branch cut itself is mapped to the unit circle in the complex z plane. Given K∗, which we have determined to be
3, it is now a completely algorithmic procedure to implement this Pade´-Conformal extrapolation. The result is much
more precise than just making a Pade´ approximation, especially in the vicinity of the branch point and branch cut.
The results are shown in Fig.3 and Fig.11 for β
(2)
nested(K), and in Fig.4 for β
(3)
nested(K).
In the presence of two cuts along the real axis, as occurs for the Borel analysis in Sec. IV, we use the conformal
map from the Borel t plane cut along the positive real axis t ∈ [b,∞) and along the negative real axis t ∈ (−∞,−a],
to the unit disk in the z plane:
z =
1−
√
a(b−t)
b(a+t)
1 +
√
a(b−t)
b(a+t)
←→ t = 4 a b z
a(1 + z)2 + b(1− z)2 . (C2)
For the expansions of the finite parts in App. A 2, the leading singularities are at t = +3 and t = −6, so we choose
b = 3 and a = 6. We map the Borel transform to the unit conformal disk in the z plane, re-expand, and map
back again to the Borel t plane. The resulting plots for the 1/N2f and 1/N
3
f Borel transforms are shown in Fig. 7
and Fig. 8, respectively. Note that the conformal mapping is crucial for revealing the existence of sub-leading Borel
singularities [33, 36].
Appendix D: Beta functions and finite parts
In this appendix, we explicitly display the numerical coefficients of the nested QED beta functions and the finite
parts at O(1/N2f ) and O(1/N3f ). These coefficients are collected in the ancillary Mathematica file with 50 digits of
precision. They read
β
(2)
nested = − 0.0305K4 + 0.0335K5 − 0.00335K6 − 0.00499K7 + 0.00112K8 + 0.000344K9 − 0.000125K10
− 9.66 · 10−6K11 + 7.87 · 10−6K12 − 2.95 · 10−7K13 − 2.94 · 10−7K14 + 3.54 · 10−8K15 + 6.29 · 10−9K16
− 1.55 · 10−9K17 − 3.97 · 10−11K18 + 3.70 · 10−11K19 − 2.82 · 10−12K20 − 6.26 · 10−13K21
+ 4.84 · 10−14K22 − 9.38 · 10−15K23 − 4.43 · 10−15K24 − 9.04 · 10−16K25 − 2.95 · 10−16K26
− 9.48 · 10−17K27 − 2.89 · 10−17K28 − 8.96 · 10−18K29 − 2.79 · 10−18K30 − 8.70 · 10−19K31
− 2.72 · 10−19K32 − 8.52 · 10−20K33 − 2.67 · 10−20K34 − 8.40 · 10−21K35 − 2.64 · 10−21K36
− 8.34 · 10−22K37 − 2.63 · 10−22K38 − 8.33 · 10−23K39 − 2.64 · 10−23K40 − 8.36 · 10−24K41
− 2.65 · 10−24K42 − 8.43 · 10−25K43 − 2.68 · 10−25K44 , (D1)
and
β
(3)
nested = − 0.0111K6 + 0.0248K7 − 0.0113K8 − 0.00420K9 + 0.00379K10 + 0.0000135K11 − 0.000556K12
+ 0.0000801K13 + 0.0000461K14 − 0.0000128K15 − 2.04 · 10−6K16 + 1.08 · 10−6K17 + 8.46 · 10−9K18
− 5.85 · 10−8K19 + 5.18 · 10−9K20 + 2.08 · 10−9K21 − 3.91 · 10−10K22 − 4.17 · 10−11K23 + 1.68 · 10−11K24
− 8.47 · 10−14K25 − 4.73 · 10−13K26 + 4.38 · 10−14K27 + 9.08 · 10−15K28 − 1.53 · 10−15K29
+ 5.72 · 10−18K30 + 5.60 · 10−17K31 + 3.28 · 10−18K32 . (D2)
It is instructive to compare the first few coefficients of these expressions to the complete 5-loop QED β-function
computed in [22, 23]. This allow us to estimate the nested diagrams contribution to the total result order-by-order
in the loop expansion. We find that the K4,K5,K6 coefficients of β
(2)
nested constitute roughly 50%, 20%, 1% of the
corresponding total 3,4,5-loop coefficient. Moreover, the K6 coefficient of β
(3)
nested constitutes less than 1% of the
5-loop coefficient. This result is expected since the number of diagrams with different topologies that we neglect
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grows factorially when increasing the loop order. This is also in accord with the fact that the full loop expansion is
asymptotic and therefore not convergent.
In (14), we defined β˜
(2)
nested, which is the nested β-function at O(1/N2f ) with the leading branch cut behavior
subtracted. The coefficients of this function are given by
β˜
(2)
nested = − 0.0300K4 + 0.0336K5 − 0.00333K6 − 0.00498K7 + 0.00112K8 + 0.000344K9 − 0.000125K10
− 9.64 · 10−6K11 + 7.88 · 10−6K12 − 2.93 · 10−7K13 − 2.93 · 10−7K14 + 3.55 · 10−8K15 + 6.34 · 10−9K16
− 1.53 · 10−9K17 − 3.55 · 10−11K18 + 3.83 · 10−11K19 − 2.44 · 10−12K20 − 5.13 · 10−13K21
+ 8.29 · 10−14K22 + 1.11 · 10−15K23 − 1.22 · 10−15K24 + 7.98 · 10−17K25 + 7.87 · 10−18K26
− 1.39 · 10−18K27 + 2.34 · 10−20K28 + 1.05 · 10−20K29 − 8.85 · 10−22K30 − 2.15 · 10−23K31
+ 7.43 · 10−24K32 − 3.11 · 10−25K33 − 2.62 · 10−26K34 + 3.23 · 10−27K35 − 4.18 · 10−29K36
− 1.36 · 10−29K37 + 9.06 · 10−31K38 + 1.30 · 10−32K39 − 4.37 · 10−33K40 + 1.61 · 10−34K41
+ 8.47 · 10−36K42 − 9.53 · 10−37K43 + 1.48 · 10−38K44 . (D3)
We display the finite parts at the RG scale µ = −p2/(4pi), where p2 is the external momentum. The finite parts
defined as in (A22) at O(1/Nf ) reads
F (1) = 0.201K2 + 0.140K3 + 0.0159K4 + 0.0726K5 + 0.0754K6 + 0.177K7 + 0.353K8 + 0.957K9 + 2.72K10
+ 8.94K11 + 31.9K12 + 126K13 + 536K14 + 2.47 · 103K15 + 1.22 · 104K16 + 6.45 · 104K17
+ 3.62 · 105K18 + 2.15 · 106K19 + 1.35 · 107K20 + 8.97 · 107K21 + 6.24 · 108K22 + 4.55 · 109K23
+ 3.47 · 1010K24 + 2.76 · 1011K25 + 2.29 · 1012K26 + 1.98 · 1013K27 + 1.77 · 1014K28 + 1.65 · 1015K29
+ 1.59 · 1016K30 + 1.59 · 1017K31 + 1.63 · 1018K32 + 1.74 · 1019K33 + 1.91 · 1020K34 + 2.16 · 1021K35
+ 2.51 · 1022K36 + 3.00 · 1023K37 + 3.70 · 1024K38 + 4.68 · 1025K39 + 6.07 · 1026K40 + 8.08 · 1027K41
+ 1.10 · 1029K42 + 1.54 · 1030K43 + 2.20 · 1031K44 + 3.23 · 1032K45 . (D4)
The nested contribution at O(1/N2f ) reads
F (2)nested = 0.200K4 + 0.196K5 + 0.369K6 + 0.730K7 + 1.92K8 + 5.11K9 + 16.2K10 + 55.2K11 + 209K12 + 857K13
+ 3.80 · 103K14 + 1.81 · 104K15 + 9.24 · 104K16 + 5.01 · 105K17 + 2.89 · 106K18 + 1.76 · 107K19
+ 1.13 · 108K20 + 7.65 · 108K21 + 5.43 · 109K22 + 4.03 · 1010K23 + 3.12 · 1011K24 + 2.53 · 1012K25
+ 2.13 · 1013K26 + 1.86 · 1014K27 + 1.69 · 1015K28 + 1.60 · 1016K29 + 1.56 · 1017K30 + 1.57 · 1018K31
+ 1.64 · 1019K32 , (D5)
while the nested contribution to the finite part at O(1/N3f ) is
F (3)nested = 0.300K6 + 0.760K7 + 2.29K8 + 7.71K9 + 26.9K10 + 103K11 + 423K12 + 1.87 · 103K13 + 8.83 · 103K14
+ 4.45 · 104K15 + 2.38 · 105K16 + 1.35 · 106K17 + 8.10 · 106K18 + 5.12 · 107K19 + 3.40 · 108K20
+ 2.37 · 109K21 + 1.73 · 1010K22 + 1.32 · 1011K23 + 1.05 · 1012K24 + 8.67 · 1012K25 + 7.46 · 1013K26
+ 6.66 · 1014K27 + 6.17 · 1015K28 . (D6)
The coefficients of all finite parts grow factorially, as expected. From the above expressions for the finite parts we can
already see that the factorial rate of growth of the coefficients is comparable at O(1/Nf ), O(1/N2f ), and O(1/N3f ).
Moreover, since all the coefficients are positive, we deduce that the leading Borel singularity should be on the positive
real axis. Indeed, our further analysis shows that this leading singularity is at t = 3, for each order of the large Nf
expansion. See Fig.5, Fig.7 and Fig.8.
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